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Abstract 

El Soufi-Ilias' theorem establishes a connection between minimal submani- 
folds of spheres and extremal metrics for eigenvalues of the Laplace-Beltrami 
operator. Recently, this connection was used to provide several explicit examples 
of extremal metrics. We investigate the maximality of these metrics and prove 
that all of them are not maximal. 
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Introduction 

Let M be a closed surface and g be a Riemannian metric on M. Then the Laplace- 
Beltrami operator A acts on the space of smooth functions on M by the formula 
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The spectrum of A consists only of eigenvalues. Let us denote them by 

= Ao(M,g) < Ai(M,5) A2(A/,.g) ^ A3(A/,g) 

where the eigenvalues are written with their multiplicities. 
Let us introduce the following family of functionals, 

Ai{M,g)=X,{M,g)ATeaiM,g). 

Several recent papers [5l|6l[3|8l[IIl[l3l[l6l[T8l[l9l[23] deal with finding supremum of 
these functionals in the space of all Riemannian metrics on M. 

An upper bound for Ai (M, g) in terms of genus of M was provided in the paper [25] 
and the existence of such a bound for Ai{M,g) was shown in the paper [13]. The 
exact upper bounds are known for a limited number of functionals: Ai(S^, 5) (see the 
paper [5]), Ai{RV^,g) (see the paper [IS]), Ai(T^,g) (see the paper [iB]), Ai(Kl,5) 
(see the papers [S1[TT]), A2(S^,g) (see the paper [H]). We refer to the introduction to 
the paper [52] for more details. 

The functional Ai{M,g) depends continously on g but this functional is not dif- 
ferentiable. However, Berger proved in the paper that for an analytic deformation 
gt there exist the left and right derivatives of Ai{M,gt) with respect to t. This is a 
motivation for the following definition, see the papers [6] [18] . 



Definition 1. A Riemannian metric g on a closed surface M is called an extremal 
metric for a functional Ai{M,g) if for any analytic deformation gt such that go — g 
the following inequality holds, 
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Definition 2. A metric g is called a maximal metric for a Junctional h.i[M,g) if for 
any metric h on M 

HM,g) ^A,{M,h). 

In some cases there is no extremal metric. For example there is no (smooth) 
maximal metric for A2{S'^,g) (see the paper (H)). 

The list of known extremal metrics is longer than the list of known exact upper 
bounds for Ai(M, (7), but until now their maximality has not been studied. In the 
present paper we investigate the maximality of the known extremal metrics. The list 
of currently known extremal metrics follows. 

(A) Metrics on the Otsuki tori Or were studied in the paper |22) . 

(B) Metrics on the Lawson tori and Klein bottles Tm.k were studied in the paper pT] . 

(C) Metrics on the surfaces fm,k bipolar to Lawson surfaces were studied in the 
paper [M]. 

(D) Metrics on the bipolar surfaces Or to Otsuki tori were studied in the paper [12] . 

The definitions of these surfaces are given in the following sections. The main 
result of the present paper is the following theorem. 

Theorem 1. There are no maximal metrics among the metrics (A)-(D). 

We also prove the following proposition. 

Proposition 1. The metric on the Clifford torus is extremal for an infinite number 
of functionals Ai{M,g), but it is not maximal for any of them. 

The extremality of the Clifford torus for an infinite number of functionals Ai{M, g) 
is known, but to the best of author's knowledge has not yet been published. In the 
present paper we fill this gap. 

In the following description we use the notations K{k), E{k) and n(n, fc) for the 
elliptic integrals of the first, second and third kind respectively, see e.g. book [2], 



K{k) = / ^^^ = dx, E{k) = / dx, 



(1 — ria;2)\/l — x'^^/1 — k'^x'^ 



dx. 



The paper is organized in the following way. In Section[T]we prove lower bounds for 
sup A„(T2, f;) and sup A„(IK, 17). These bounds are used throughout the paper in order 
to prove the non- maximality of metrics (A)-(D). In Section [52] we recall a connection 
between extremal metrics and minimal submanifolds of the unit sphere. Section 12.31 
contains a discription of Otsuki tori as an S'0(2)-invariant minimal submanifolds of 
S"^ of cohomogeneity 1. Sections |2.4[ [3l l4l [5] are dedicated to estimates for extremal 
metrics (A)-(D) respectively and this finishes the proof of Theorem[T] Finally, Section[5] 
contains the proof of Proposition [T] 
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1 Lower bounds for supA„ 

The aim of this section is to prove the following proposition (see also Corollary 4 in 
the paper [J). 

Proposition 2. One has the following inequalities, 

supA„(T,.g) ^8^ + 



supA„(K,.g) ^ 87r(n- 1) + 12tiE 



2^/2 



where E{k) stands for the elliptic integral of the second kind. 

1.1 Attaching handles due to Chavel-Feldman Let M be a compact smooth 
Riemannian manifold of dimension n ^ 2. Let us pick two distinct points pi,p2 S M . 
For e > we define 

: = union of open geodesic balls of radius e about pi and p2 , 

: =M\B„ 

Fe : =dB, = dn,. 

Here the number e is chosen to be less than j of injectivity radius of M and less than 
I; of a distance between pi and p2 if Pi and p2 lie in the same connected component 
of M . We say that manifold Mg is obtained from M by adding a handle across F^ if 

1) rig is isometrically embedded in M^; 

2) there exists a diffeomorphism : M^\Vl2e — > [^li 1] x S"^^ such that 



1 1 

2' 2 



X S" 



Let us denote by \j and Xj{e) the Laplace spectrum of M and respectively. Chavel 
and Feldman in their paper 3 obtained a sufficient condition for convergence \j (e) — > 
Xj as £ tends to 0. In order to formulate this condition we need to give the following 
definition. 

Definition 3. For any compact connected Riemannian manifold X of dimension n ^ 
2, the isoperimetric constant ci(X) is defined by 

cW^inf. (VoU-iW)" 



Y (min(Vol„(Xi), Vol„(X2)))"-i ' 

where Yolk stands for k-dimensional Riemannian measure, and Y ranges over all com- 
pact (n — 1) -dimensional submanifolds of X suh that they divide X into 2 open sub- 
manifolds Xi, X2 each having boundary Y. 

Theorem 2 (Chavel, Feldman 3 ). Assume that is connected for any e and there 
exists a constant c > such that ci{M^) ^ c for all e > 0. Then lim \j{s) — Xj for 
all j = 1,2, . . . 

Remark 1. The assumption in the previous theorem implies lim \o\n{Me) = Vol„(A'/) 

e— >0 

by picking F = F^. 
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In the same paper existance of such is verified in case n = 2. 



Theorem 3. Let M be a compact 2- dimensional Riemannian manifold, K he its 
Gaussian curvature and M = {M\K-^{Q)) U int A'-i(O). Then M is open and dense 
in M . Suppose that pi,P2 G M and one of the following possibilities occur 

• M is connected, 

• M has two connected components and pi lie in different connected components. 

Then can he constructed so that assumption of Theorem [H holds. In particular, 
Aiea{Me) -> Area(Af) as e ^ 0. 

Remark 2. Let us remark that Chavel and Feldman considered only the case of a 
connected manifold M , but their arguments could be extended almost without changes 
to the non-connected case as stated above. 

1.2 Proof of Proposition [2l Let us remark that for the equilateral torus Teq of 
47r2 

volume — ^ one has Ai (req) = 2. The same is true for the euclidean sphere §^ of volume 
Att. Suppose we have n—1 copies of denoted hy Si, i — 1, 2, . . . , n— 1. Thus for r„ = 
Teq JJ 0116 has A„(r„) = 2 and therefore A„(r„) — Sir i n — 1 -\ — -= 1 . Consecutive 



application of Theorem [3] yields the existance of the sequence M^, diffeomorphic to 
torus, such that An{M^) — > A„(T„) as e tends to 0. This observation completes the 
proof of the first inequality. 

The second inequality can be proved in the same fashion. The only difference is 
that instead of r^q one has to use Lawson bipolar Klein bottle T31 (see Section U for 



suitable rescaling of the metric on fa i, one can assume that Ai(f3^i) — 2 and then 
apply construction of the previous paragraph. 

2 Otsuki tori 

2.1 Connection with minimal submanifolds of the sphere. Let ip: M S-^ 

be a minimal immersion in the unit sphere with canonical metric gcaii- We denote 
by A the Laplace-Beltrami operator on M associated with the metric ip*9can- Let us 
introduce the Weyl's eigenvalues counting funcion 



The following theorem provides a general approach to finding smooth extremal metrics. 

Theorem 4 (El Soufi, Ilias, [7 ). Let ■)/;: M S-^ S" be a minimal immersion in the unit 
sphere S" endowed with the canonical metric Qcan- Then the metric '>p*gcan on M is 
extremal for the functional A/^(2) (-^i 5) • 

Therefore, it is possible to consider a minimal submanifold N of the unit sphere 
then compute N{2) and the metric induced on N by this immersion is extremal for 
the functional A]^(^2){N, g). However, for a given minimal submanifold there is no 
straightforward way to compute the exact value of N{2). Nevertheless, this approach 
was succesfully realized in the papers [22l[2ll[12] for metrics (A),(B),(D) respectively. 
This approach was partially used in the paper [14] for metrics (C). 




a defintion). It was proven in the paper 




iV(A) = #{*|A,(M,5)<A}. 
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2.2 Reduction theorem for minimal submanifolds. Let M be a Riemannian 
manifold equipped with a metric g' and let G be a compact group effectively acting on 
M by isometries. For every point x € M let us denote by Gx the stability subgroup 
of X. 

Definition 4. For two points x,y £ M we say that x ^ y if Gx C gGyg^^ for some 
g £ G. The orbit Gx is the orbit of principal type if for any point y € M one has 

X 4y- 

Let M* stand for the union of all orbits of principal type, then M* is an open dense 
submanifold of M (see the paper [T7]). Moreover, M* /G carries a natural smooth 
structure induced by a projection tt: M* — M* /G. Furthermore, M* /G is equipped 
with a natural Riemannian metric g defined by the formula g{X^Y) — g'{X' ,Y'), 
where X,Y are tangent vectors at x G M*/G and X',Y' are tangent vectors at a 
point x' e TT~^{x) C M* such that X' and Y' are orthogonal to the orbit tt~^{x) and 
dniX') = X, dTT{Y') = Y. 

Let f : N M he a G-invariant immersed submanifold, i.e. a manifold equipped 
with an action of G by isometries such that g ■ f{x) — f{g ■ x) for any x £ N. 

Definition 5. A cohomogeneity of a G-invariant immersed submanifold N is the 
number dim — i^, where v is the dimension of the orbits of principal type. 

Let us define for x G M*/G a volume function V{x) by the formula V{x) = 
Vol(7r~^(a;)). Also for each integer fc ^ 1 let us define a metric gk — V^g. 

Proposition 3 (Hsiang, Lawson [5]). Let /: S-> M* be a G-invariant immersed 
submanifold of cohomogeneity k, and let M* /G be equipped with the metric gk- Then 
f : N M* is minimal if and only if f : N/G S-^ M* /G is minimal. 

2.3 Otsuki tori. Otsuki tori were introduced by Otsuki in the paper [5D]. Let us 
recall the concise description by Penskoi from the paper [22;. For more details see 
Section 1.2 of the paper ^22j. Consider the action of 50(2) on the three-dimensional 
unit sphere §^ C given by the formula 

a ■ (x, ?/, z, t) — (cos ax + sin ay, — sin ax + cos ay, z, t), 

where a € [0, 27r) is a coordinate on 5*0(2). The space of orbits S^/SO{2) is the closed 
half-sphere 

q'^ + z^ + t^ = l, q^O, 

where a point [q,z,t) corresponds to the orbit {qcosa,qs\i\a, z,t) € S^. The space of 
principal orbits (§3)*/50(2) is the open half sphere §>o = {(9:^:*) G > 0}. It is 
natural to introduce the spherical coordinates in the space of orbits, 

t — cos sin 0, 
z — cos cos 6*, 
q — sin if. 

Since we look for minimal submanifolds of cohomogeneity 1, the Hsiang-Lawson's 
metric is given by the formula 

V"^ {dtp'^ + cos^ ifde'^ ) = in^ sin^ (p{dtp'^ + cos^ ipde'^ ) . (3) 

Definition 6. An immersed minimal SO (2) -invariant two-dimensional torus in S'^ 
such that its image by the projection tt: ^ / SO{2) is a closed geodesies in 
(S^)*/50(2) endowed with the metric 0^ is called an Otsuki torus. 
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The following proposition can be found in the paper |22) . 

Proposition 4. Except one particular case given by the equation ip — j, Otsuki tori 
are in one-to-one correspondence with rational numbers ^ such that 

1 p V2 , , 

2 < - < — > P,? > 0, = 1. 

Definition 7. By Op we denote the Otsuki torus corresponding to ^. Following the 



paper \22f we reserve the term "Otsuki tori" for the tori Op. 

In order to fix notations we give a sketch of the proof of Proposition ID 

Proof. Let us use the standard notation for the coefficients of the metric ([3]), 

E = 47r^ sin^ Lp, G = 47r^ sin^ (p cos^ ip. 

As we know the velocity vector of a geodesic has a constant length. Suppose this length 
equals 1. Then this assumption as well as the equation of geodesies for 6 provides the 
following two equations, 

■ sin a cos a , , , 

2 

Ztt cos^ ip sm (p 
2 sin^ ip cos^ ip — sin^ a cos^ a 

V = .2-4 2 ' (5) 

47r'^ sm ip cos^ ip 

where a is the minimal value of (p on the geodesic. Then the geodesic is situated in 
the annulus a ^ Lp ^ — — a. We choose a natural parameter t such that ip{Q) — a. 
Let us denote by ^l{a) the difference between the value of 9 corresponding to ip — a 

TT 

and the closest to it value of 9 corresponding to ip — — ~ a. It is clear that 



2 ^ 

f2 (a) = sin a COS a j 



dip 



i Lp\/ sin^ p) cos^ ip — sin^ a cos^ a 



P 

The geodesic is closed iff il(a) ~ —tt. The rest of the proof follows from the 

q 

following properties of the function il{a), see the paper [20], 



1) n{a) is continuous and monotonous on ^0, — 



2) lim n(a) = - and - = 



□ 



2.4 Estimates for A2p-i(0e). According to the paper p2^, the metric on an 
Otsuki torus Or is extremal for the functional A2p-i(T^, g). The goal of this section 
is to prove the following proposition. 

Proposition 5. For p,q, such that (j>,q) — 1 and 2 *^ ~ ' following 

inequality holds, 

87r(^2p-2+^j >A2p-i(0|). 
Proposition implies non-maximality of metrics on Or . 
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In order to prove Proposition [5] we have to prove several auxiliary propositions. 
Proposition 6. For a E (O, ^) such that n(a) = -tt one has 



^2p-iiOp) = 8nq cos aE 1 — tan^ 
Proof. Let us use the notations of Proposition |4l As we know 



'EG 

therefore, the length of the segment on the geodesic 'k{Op) between the closest points 

TT 

with ip = a and ip — — — a is equal to 27r/, where 

f -a 

L sin acos^a 

" \^-— ^ 

y sm (f cos^ (f 

Let us express / in terms of elliptic integrals, 

2 

COS a 



■ — x^) — cos^ a sin^ a ^ ... \/u(l ~ u) — cos^ asin^ a 

ma y \ > sm^ ay 



1 /■ V " ™ " ('^"^^ " ^""^ a)t X f ^l-(l-tan" a)t , 
' ^ -dt=-cosa^ ^ — ^-dt 



2J VtO^} 2 J 

1 

^1 - (1 - tan2 a)y2 



-j^=^= '■ — = cosai!/(V 1 — tan a). 

vi-y^ 

Here the following changes of variables were used, cos ip = x, x"^ = u, u = (cos^ a — 
sin^ a)t + sin^ a, t — . Since the maps 6* 1— >■ 6* + and ^ 9^ — 9 are isometries, 
the length of the geodesic h{Op) is equal to Anq cos aE{y/ 1 — tan^ a) . By Proposition 
13 from the paper [22], A2p~i{0p) is equal to the doubled length of the geodesic 
7r(0|). ' □ 

Proposition 7. For k G [0, 1] one has the following inequality, 



Proof. Let us expand the left hand side using the definitions of E and K, 

^ 

fc2 f 2 sin^ 9 - 1 



v/l - B sin2 
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Since the integrand is negative on (0, f ) and positive on (f , f ), one has 



2 sin^ e-l ,^ ? 2 sin^ 61-1,^ f 2 sin^ 61-1 ,^ 

2 q;„2 n 



Vl - fc2 sin^ 9 J k'^ sin^ 9 J \J\~k'- sni 



2 sin^ 9-\ f 2 sin^ 6* - 1 1 



fc2 7 / fc^ / p 



Let us introduce the notation 

$(a) = cosaE' tan^ i 



cos 26'd6' = 0. 



□ 



Proposition 8. The function $(a) is non- decreasing and $'(a) < — for any a € 
(o, . In particular, 1 = $(0) $(a) ^ $ (J^'j = 

Corollary 1. One has 

4V27r2g ^ A2p-i(Oe) ^ 87rg. (6) 



Remark. Let us remark that during the preparation of the manuscript inequal- 
ity ([6]) appeared in the paper [TO] , 

Proof of Proposition [3 Let us recall the following formulae for the derivatives of el- 
liptic integrals, 



dE{k) _ E{k) - K{k) dK{k) _ E{k) K{k) 

dk k ' dk ~ fc(l - fc2) ~ 



and 



aui„,k)_ k /EW^jj,,.,, 



5fc 71 — fc^ V fc^ — 1 



Let us introduce a notation /3 = Vl — tan^ a. One obtains 

V cos^ a - sm a / p"^ \ 2 - 

Now the monotonicity of the function $(&) follows from Proposition [71 



(7) 



(8) 



(9) 
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For the proof of the second part, let us go back to formula ([9]). One has 
'2cos2 aE{l3) - K{py 



<I>'(a) = — sin a 



cos^ a — sin^ a 



sma 



cos^ a — sin^ a 



2cos2a(l - sin^ 0) - 1 
x/l - /?2 sm^ e 



dO = sine 



2 sin^ e - 1 
a/1 - /32 sm^ ( 



-.de c 



sma 



2 sin^ e - 1 



dO — — cos a / cos 20d0 — cos < 



sin 26* 



This finishes the proof of Proposition |51 

2 



□ 



z / 7r 

Proposition 9. T/ie function —Vlia) — $(a) is increasing on the interval (0, — 

Proof. In the paper |10j the following formula was given, 

1 ^ / cos 2a r ^j— \ 

: n 5—, V 1 - tan'' a . 

sm a \ sin a J 



Using formulae ([5]) one obtains the following formula, 



dVl{a) 



1 



da cos a cos 2a 



is:( Vl-tan^, 



2 cos a _ 
cos 2a 



Ei\Jl- tan^a 



Let us recall the notation /3(a) = \/l — tan^ a. Then one has 



(2-/?2)l 



/32 



if(/3) 



and 



n{a) = 



/2-/32 



V 1 - /^^ 

Moreover, by formula ([9|) one has 



n 



2-;32 

/32 



(10) 



1-/3^ 



,/3 



$'(a) 



v/(l-/32)(2-/32) 

/32 



X(/3) 



2-/3^ 



ri?(/3) 



The inequality —(2-/32) — -^/l — /32 > and Lemma [7] imply the inequality 

TT 



-f]'(a) - $'(a) 



/c2 



if(/3) 



2-/3 



2£;(/3)) (-(2-/32)- v/r^^) 



□ 



Corollary 2. for a E 



1 TT 

5' 4 



owe /las 



2„, , ^, , 2\/3-7r 
-f^(a)-<I>(a)>^^. 
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Proof. Using the tables of elliptic integrals, e.g. the book [2], one obtains the inequality 

1\ 2%/3-7r 



9 T > 



The rest of the proof follows from the monotonicity of the function on the left hand 
side. □ 



Proposition 10. For ^ E 



0,- 



1 



Proof. By formula (HU]) for ^ e 



k(p 



4 VV3 
one has 

Km)) 



2-/3(0' 
1 



Em)) ^ 



In the last inequality we used the facts that K{k) is increasing function and E{k) as 
well as /3(a) are decreasing functions. The table of the elliptic integrals in the book |2] 
provides the inequality 



K 



> 



4 VV3 



which completes the proof. 

Proof of Proposition O We want to prove that 

TT 



□ 



TT 2p - 2 



n/3 



> 87rq$(a), 



P 



where Vt{a) = — tt. This inequality is equivalent to the following one 

2-- >$a. 
Since r2(a) = — tt, it is sufficient to prove that 

-f^(a) -<!>(«) >—^. 

Since 3, the application of CoroUary [2] provides inequality ([TT|) for a G 



1 TT 

5' 4 



(11) 



In 



order to prove inequality for a g 
2 



0,- 



let us note that 



n{a) - $(a) = -(l](a) - Q{0)) - ($(a) - $(0)) 

TT TT 
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for some ^, ?7 € (0,a) by Proposition [8] Moreover, 
zq 2q q 2 

or 

- < -n'iO- 

q TT 

Therefore, inequality follows from the inequality 



or the inequality 



^^'(e)>Tf^-l' " 



4 VV3 

The last inequality easily follows from Proposition (TU] □ 
3 Lawson surfaces 

A Lawson tau-surface r^.k is an immersed surface in the sphere defined by the 
double-periodic immersion of given by the formula 

(cos mx cos y , sin mx cos y, cos kx sin y , sin kx sin y) . 

It was introduced by Lawson in the paper [15j . He also proved that for each pair 
{m, fc}, such that m ^ k ^ 1 and {m^k) = 1, the surface Tm,k is a distinct compact 
minimal surface in S^. Let us assume that (m, k) = \ then if both m and k are odd 
then Tm,k is a torus, we call it a Lawson torus. Otherwise Tm^^ is a Klein bottle, we 
call it a Lawson Klein bottle. 

Proposition 11 (Penskoi j21|). Let Tm,k be a Lawson surface. Then the induced 
metric on T„i^k is an extremal metric for the functional Aj{M,g), where 



\J + k"^ 



+ m + fc-l, (12) 



M = if both m, k are odd and M = Kl otherwise. 
The corresponding value of the functional is 



^j{Tra,k) = StTTuE 

Proposition 12. Let j be defined by formula US\) . If Tm.k is a Lawson torus, then 



Aj(T,„,fc) < Stt (^j - 1 + 
If Tm,k is a Klein bottle, then 

^j{Tm,k) < Stt{j - 1) + 12ttE ( ^ 
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Proof. It is sufficient to obtain the inequality 

j ^ mE 
Let us remark that the function 



ip{x) = l + x- E{\/\ - x^) 
is positive on the interval [0, 1]. Indeed, 



2 2 

E{^/l-x^) = J ^Jl- {1- x^)sm^i;dij J ^/l - {1 - x^) dip ^ |a 



(13) 



Hence, ip{x) ^ 1 + (^1 - - j a; ^ for a; e [0, 1]. 

k 

Let us divide both sides of inequality by m and denote by x the ratio — G [0, 1]. 

TO 

Since 



fc2 



k 



TO + 1 



> 



□ 



one has that inequality ()13p follows from the positivity of ^{x). 
4 Bipolar surfaces to the Lawson tori 

Let / : TV S-^ S"^ be a minimal immersion. A Gauss map /* : — >■ S'^ is defined pointwise 
as the image of the unit normal in translated to the origin in W^. Then the exterior 
product I = I /\ I* is an immersion of A in §^ C . Lawson proved in the paper [T5] 
that this immersion is minimal. The image I{N) is called a bipolar surface to A^. 

Let us denote by fm,k the bipolar surface to the surface Tm,k- Lapointe proved in 
the paper [M] that 



• if mk — mod 2 then Tm,k is a torus carrying the extremal metric for the 
functional A4m_2(T^, (7) and A4j„-2('?m k) = IGmnE 

\ TO 



1,2 



if mk = 1 mod 4 then f^.k is a torus carrying the extremal metric for the 



functional A2m_2(T^,g) and A2„i-2(T'm,fc) = STmiE 



Vto^ — k^ 



TO 



• if mk = 3 mod 4 then fm,k is a Klein bottle carrying the extremal metric for 
the functional A„j_2(IKl, .g) and Am-2(''^m,fe) = 4:T:mE 



V TO^ — fc2 



Proposition 13. If mk = 1 mod 4 i/ien f/ie following inequality holds 

StT ^2to - 3 + -^=^ > A2,n-2{rm,k)- 

If mk = mod 2 i/ien the following inequality holds 



Stt I 4m - 3 + — ) > A4„_2('?m,fc)- 



12 



If mk = 3 mod 4 and {m, k} ^ {3, 1} then the following inequality holds 

8^(m-3) + 12^i; ( ^ ) > A.m~2{Tm,k). 




Proof. In order to prove the first inequality it is sufficient to prove that 



mE - — — 1 < (2m - 2). 




(14) 




This inequahty holds for m ^ 5. The statement for fi i follows from the fact that fi_i 
is a Clifford torus and Ai(ti,i) — An^. 

In the same way, in order to prove the second inequality in Proposition [13] it is 
sufficient to prove that 



This inequality holds for m ^ 7. For the exceptional case (m, k) = (5, 3) one verifies 
the third inequality explicitly using the tables of elliptic integrals in the book . □ 

5 Bipolar surfaces to Otsuki tori 

In the paper [12] the following proposition was proved. 

Proposition 14. The bipolar surface Or to an Otsuki torus Or is a torus. If q 
is odd then the metric on bipolar Otsuki torus Or is extremal for the functional 
A-2ij+4p-2('T'^, g) and A2g+4p-2(0£) < 4\/2'Z7r^. If q is even then the metric on bipolar 
Otsuki torus Or is extremal for the functional Ag_|_2p_2Cir^, (7) and Aq^2p-2iOp) < 



7rm ^ 4m — 3 H 

V3 

This inequality holds for m ^ 2. 

The third inequality is equivalent the following one 




7r 

Since E{k) < — it is sufficient to prove that 




2v/2g7r2. 

Proposition 15. If q is even then the following inequality holds, 




If q is odd then one has the following inequality, 
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Proof. If q is even, then we have 



Stt + 2p - 3 + > 87r((7 + 2p - 2) > Uttq > 2^/2■n'^q. 

We used the inequahties 2p > q and p > 1 in order to prove the last inequahty. In the 
same way, if q is odd, then we have 

Svr ( 2(7 + 4p - 3 + ) > 8n{2q + 4p - 2) > 247rg > 4\/27r\. 



V3 



□ 



Now it is easy to see that Propositions \E\ [121 [El [El together with Proposition [2] 
imply Theorem [H 

6 Clifford torus 

Let us represent the Clifford torus as a flat torus with the square lattice with edges 
equal to 27r. In this case the Laplace-Beltrami coinsides up to a sign with the classical 
two-dimensional Laplace operator. Therefore, using the separation of variables one 
obtains that the eigenfunctions are 

sinnxsinTOi/, sin na; cos /y, cos kx smmy , coskxcosly, 

where n, m e N and k, I G Z^p- Then, the eigenvalues are equal to n'^ + m^, n'^ + l'^, 
+ m? , fc^ + P respectively. 

Proposition 16. For the Clifford torus the WeyVs counting function N{X) is equal 
to the number of integer points in the open disk of radius a/A with the center at the 
point (0,0) G K^. 

Proof. Let us introduce an one-to-one correspondence v between eigenfunctions and 
integer points in M^. We set 

i^(sinna;sinTOy) = {n,m), 
^{sin nx cos ly) = {n,—l), 
iy{cos kx sin my) = {—k,m), 
v{coskxcosly) = {—k,—l). 

Let us also remark that the eigenvalue of the function / is equal to the squared 
distance between (0,0) and I'if). This completes the proof. □ 

6.1 Proof of Proposition [TJ It is easy to check that the functions 

(sin kx, cos kx, sin fcy, cos ky) 

form an isometrical immersion of Clifford torus in the unit sphere. The same is true 
for 

(sin kx sin ky, sin kx cos ky, cos kx sin ky, cos kx cos ky) 



and 



(sin kx sin ly, sin kx cos ly, cos kx sin ly, cos kx cos ly, 
sin Ix sin ky, sin Ix cos ky, cos Ix sin ky, cos Ix cos ky) , 
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where k ^ I. Therefore, according to Theorem |4l the metric on the Chfford torus is 
extremal for the functionals Ajv(r2)(T^,5), where = n?' + m? with n^m £ Z, and 

Ajv(r=)(Tci) = 4^'^'- 

Let Br be a disc of radius r. Then one has a simple estimate 

7V(r2) ^ Area {b^_^) 
So, it is sufficient to prove that 




and this inequality holds for ^ 6. And for < 6 holds the inequality 87rA^(r^) > 
47rr^ . This inequality can be obtained by the direct enumeration of all possible values 
of (the possible values are 1, 2, 4, 5). This completes the proof of Proposition [TJ 
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